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12. Before proceeding to the general resolution of the quartic Z, we can 
utilise the preceding analysis to the construction of some cases of algebraical 
motion, in the manner explained in the American Journal of Mathematics , XX, 
§33, by taking a parameter 

2a a 



(1) 

and putting 

(2) 



v = 



P 



4> — pt = 4 1 ') 



2n + 1 

1 

2n + 1 



cos 



sin' 



[i = 2n + 1 , 



(_ 2 * — i) re + * 
i K^- 1 + K^-z + 



(— z 2 + l) n 



+ i 



*/Z, 



and then determining the various constants of the problem. 

But the degree of the relation (2) can be halved by changing the variable 
from a = cos & to t = tan J3>, a different t from that representing time, hence- 
forth to be distinguished when necessary by an accent, as t'. 

This is equivalent to a change to the stereographic projection ; and now with 



(3) 

we can put 

(4) 

making 

(5) 
where 



f 



4' = 



n + i 

1 



cos' 



1 + f 

. 1 ht Zn - 1 + h 1 f n - 9 + 



t 



: ** + £ 



n + i 



sin L ' ' 



t 



n + i 



*/T x 



d£_ (L + £')<* + 2PP + L 
dt WT X T 2 



11 



(6) 



212; = i(f + lfM*Z= —{f + lf\(L + I/)f +L- L<\\ 
+ Jf V [- a(f - If- 4 a -^(t - 1) + (a + D)(f + l) a ] 
= _(£ + L'ff + Abf + 6c* 4 + Uf — {L — U)\ 



suppose ; and the troublesome determination of the homogeneity factor M is 
delayed, and does not hinder us. 
13 
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To obtain the factors T x and T z> write 

(7) T X T % - — [(Z + Z')* 4 + 2y? + Z - LJ + 4t(pf + Sf, 
so that 

(8) T x = (Z + Z') * 4 + 2/ft 3 + 2y* 2 + 2& + Z — Z', 

(9) T t = — (Z + Z')* 4 + 2/ft 3 — 2y* 2 + 28t — L + Z, 
and 

(10) 5 = £ 2 -(Z + Z')y, d = o*-{L-L)y, 6c = 8/3S— 4y 2 - 2(Z 2 -Z' 2 ). 

Denoting the elliptic argument of the motion by u, such that 

< u > u -Jvxmr 

and making use of the Biermann-Weierstrass formula (2), §7, with the argu- 
ment v x and « 2 corresponding now with ft ■= and oo , we find for v x + » 8 = v, 

(12) 12g»u = 6c — 6(Z 2 — Z' 2 ) = 8(3$ — 4y a - 8 (Z 2 - Z' 2 ). 

The formula 

P («1 + *W - (a; _ yf V ^ 

(aa; 3 + 3fex 2 + Sex + d)y + bx 3 + 3ca 2 + 3dx + e /v 

with a; corresponding to f — 0, and ?/ to tf 2 = oo , leads to 
(14) f V* = -(L-L')b-(L + L')d 



(13) 



= — (Z — Z')/3 2 — (Z + Z')3 2 + 2(Z 2 - Z' 2 )y. 
The quadrinvariant 

g 2 = ae — 4&c? + 3c 2 

(15) =(Z 2 -Z' 2 ) 2 -4 \(3*-(L + L')y\ \V—(L — U)y\ 

[ +t\\ 8/35 - 4y 2 - 2 (Z 2 - Z' 2 ) f », 

so that 

(16) 2p"v = 12p s i> — gr 2 = 4(03 — Z 2 + Z /2 ) 2 + lyip'v =(f + 3p«) 2 + iyip'v, 

a quartic equation for the determination of y. 
A root of this equation is 

(17) y=-i€^, the others being -l ?$ v + °\ ; 

so that, taking 

, 10 v i 2ca 3 4o 3 

(18) iv = - — £—r* v 



2n+ V 2n+ 1' 
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and employing Halphen's x and y, we can put (L. M. S., XXV, p. 198) 
(19) 12$ro = — (y + If + 8x, vglv = xy, p"v = 2x 2 — xy(y + l) ; 
(•20) 12p}v = — (y + I) 2 — 4x, ip'h> =03, f/'it> = x(y + 1), 
and then 

(21) y = -i(y + l), 

(22) y 2 + Zfv = 2x, 

(23) (3h = U — Z' 2 + x = s + x, 
putting 

(24) Z? — L' 2 = s, i.e. s — c, wither = 0. 

(25) j ( L ~ L ')^ + ( L + W9 = -(y + 1)(#-£' 2 )- ^ 

1 =— («/ + l)s — ay, 

(26) jV(i — L'){3±V(L + L')$\ Z =± 2si(s+x)—(y + l)s — xy = S i orS z , 
where 

(27) $$ = - 4s(s + x) 2 + \(y + l)s + xy\* = — S; 
and then 

/- 9fi \ o— V^ + V^2 < Vfft — \A^ 

(28) P-2S(L-L>y d -2V(L' + LY 

With s negative and 

(29) L'* — I? = —s=p i > 

(30) -(X' - Z)/3 2 + (£' + Z)c. 3 = (2/ + l)i> 3 - xy, 

(31) [(!/ — L) P z + (L' + L) S 2 ] 2 = if {f - xf + [(y + 1)/ — xy] 2 = _p' 3 , 
suppose, 

/ocn £ - A / ^=F[(y+ l)p 2 -xy] 

(d2) 8 ~ V 2(2/ =F i) ' 

Try, as a special case, 

(33) s + x = 0, /8a = 0, ^Oor^^A-, S = / y/ zr ?p-£ or 0, 

(34) «' = ^- 3 , Vl = ^, i> 2 = ^, 
V ft ft f* 

so that it should be possible theoretically to express <x 1( /? 1( y ls e^, by the ^th 
root of an algebraical function. 
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(1) 
(2) 



13. Returning to the original variable z by putting 



1+z' 
M*Z = - i [(L + L')(l - zf + 2y(l - Z s ) + (L - L>)(1 + ^)J 

+ { l-z*)[P(l-z)+S(i+ z )y 

= -[2(2-2/s)-(2,-y)(l-s 2 )] 2 

+ (1 -*?)[£ + 3 _(0_3) a ]» 
j-JPZ + 4(i — L'zf = (i — ^){4(i — y)(L - L'z) — (L- y) 2 (l - a 2 ) 

( 3) 1 +(/? + a) 2 -2G8 s -a 2 )3+(/3-S)V|, 
so that 

(4) Jf 2 a=(/3 — 8?+(L — yf, 

implying a = — 1 and an oblate figure for real values, 

(5) 2aBM = — (£ 2 — o z ) - 22/ (Z — y), 

(6) Jf> + Z>) = (/8 + hf-{L - yf + 4L(L — y). 
Now with a = — 1 , 

(7) 



(8) 

(9) 
(10) 

(11) 

(12) 

(13) 

(14) 

(15) 
(16) 



M z =L z —2s + l{y + lf—2x + LW{-S)—Lxy ^ 

s 

2BM= 2LL> + LV(S)-L'xy 

s 

M 2 (i — D)= — 3i 2 - 2s + Hy + i) 2 - 2 * 

M *D = 2 L'V(-S)-Lxy + ^ 

s 

M*E = 2 LW{-S)-xyL + ^ 



L'V(—jS)—Lxy 
s 



s 



n^ 



■M* 



(*-4*.-l+*) 



My 

= KP — S)* + P + 3] 2 + [(L - y)z + 2L'Y-(L + yf, 
± = 11- 2S + UV+ If- 2x-^-U^=l\ 

A = Tl 2 - 2s + i(y + l) 2 - 2a? - ^T+ ^ 

_ — AL'* + ^ 

~ s 

J. = (L 2 + 3^w) 2 + 4Lip'v — 2p»", 
5 = (L 3 + 32#y + V«) 2 - 
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Putting 
(17) L+i(y+l)=J,, 

(.8) A = »(x-^^)(x-^=^)(x-^=^), 

(19) a a = s — s a . 

In Kirchhoff' s special case, considered in the American Journal of Mathe- 
matics, XX, B = Q, and therefore 

(20) (2LL>-Vf) 2 +*™=0, 

(2 d w - *g&g + ^y- C(y + ^ + «yT 

^ ; 4Z[i 3 -li( 2 /+l) 2 -2 a! }Z + ^]' 

(22) LM> = - i 3 + |i(y + 1)»_ 2a;} Z_ay, 

(23) 42?Z' 2 Jf 3 = - 4i 2 (Z 3 + xf + \_(y + 1) L 2 + xy\\ 

(24) LL'M=aN 1 N z N s , 

as in the iflimcan Journal of Mathematics , XX (59). 

14. We can illustrate the preceding theory immediately for the simplest 
values of fi, utilising the analysis in the Phil. Trans., 1904. 

(1) (i = 3, v = io 3 , x=0, 

(2) P8 = V — L», (3=(L+L')m, h = L TJ 



m 



(3) T lt % - ± {L + L')? + 2(i + L')mt 3 ± 2^ + 2- ^ * ± (i — X'), 

and then 

(4) ^ = #cos- 1 ^Pvr 1 = fsin- 1 ^Pv^, 
where 

(5) N* = 4m \{L + U)m % - 2y + L ~ s ? ~\, 

leads on differentiation to 

(a\ d± - _ (X + X / )^+l^ 2 + ^-^ / 

W dt ~ Wi^Tz) 

and so provides an algebraical case. 
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For higher values of [i = 2» + 1 , the work is rendered more symmetrical 
by the use of a new variable g , defined by 



(7) 



= fl , V 



L — U 






Z^ll ~ Ql ' L^L' ~ ® 



2' 



according as s is positive = j> 2 , or negative = — jp 2 
Now with s positive and 

(8) 

(9) 

< 10 > * a 

we have to satisfy the relation 

(11) 



Q 1 = ± <? 4 + ^^i + V^a 3 3. y + i 2 , vSj—ySn _j_ j 

g 2 a ~ ^* ^ ^ y -r p t i 

S * = ± 2p(jf + x)—{y + l)f - xy, 



W_ t+^ + l 



dq 



WQiQ% 



by an expression of the form 



(12) 



4/ = 



i 



i 



cos 



sin 



.! Aq 2 "- 1 + ffg 2 "" 2 + • • • • + Kq + L 

Nq n + i 

.! ^g 2 "- 1 — £g 8 "- 2 + + JTg — Z 

4 



s/Qi, 



n + i *"" 2Vg n 

so that, differentiating, the coefficients ii, 5, , JT, L (the two L's must be 

kept distinct), are obtained from the identity 

[(2m — Z)Aq* n - 1 +{2n— 5)Bq* n -* + ••• — (2» — l)£g — (2ra+ 1)Z] 

v4- 1 „ . */&' — a/& 

2 



(13) 



+ (Aq**- 1 + Bq 2n ~ 2 + .... + Kq + L) 

(4g* + 3 ^ + g ^g 3 - 2 £±-^ g 8 + V ^"7 V ^g + o) 
= (^g 2 "- 1 — Bq* n ~ 2 + .... + Kq— L) 

[(2» + l)g 4 + 2g 8 (2w + 1)P + 2n+ l]. 
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(14) 



Hence 

B _ as/ S\ + \/ $2 K *>/ S\ — */ S 2 



2jp* 



' Z 



2p» 



(15) 



g- (n . ..^ (Vfl + V^) 2 (2ro-l)(y+l) + (4w + 2)i> 

A ^ 4p 3 4p 

H - u -w W&i-*/&tf _ (2k— l)(y+l) + (4n + 2)P 

X— * n ^ 4^ ~~4^ " ' 



and so on. 

Induction leads us to infer that 



(16) 



L An + i)I(v) — %W_§1 + EW^% 



A ' 2p n+ * 

derived from the associated pseudo-elliptic integral 

'/(«)= r Ps -&y ds 



(17) 



e V(-S) 

— rc + i° U 2^ +i ~«+|- 2p" + *' 

so that we maj take A and i as reciprocal, and AL = — 1 , 



(18) 



and thence 



£ = W 



EW S\ =F Egt/Sg 



2p 



,» + * 



5 C 
if' JT 



In the second case of s negative we have to change £> 3 into — j? 2 , and 
j 4 into — q\ and take 



(19) 



T t 



= Qi, 



l Z — 



= Q», 



L>-L~™' L'-L 

(20) ft=±«' + ^ T ^ + g^ T i i 

where 

(21) y 8 = 4/(p 2 — xf+ [(y + l)f — xyj, B = —{y + l)p 2 + xy. 
Tested in this way for fi = 3, 



(22) 
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with 
(23) 

(24) 

(25) 

(26) 
leading to 

(27) 



Q% p i p p* 



s = ±2p s -p z + c, 



A 
L 



N* = 



— ±y 

4c 



pi 



2p i 



dq 



(28) 
(29) 

(30) 

(31) 

(32) 
(33) 

(34) 

(35) 
(36) 
(37) 



Tested by fi = 5, we find for 

v = t o>3, x — y, P — 



1 — 3cc 
10 ' 



|= ± 2p s -(l+y)p*±2yp-y\ 

L y 2p % ' 



K 



2p* 



V = ic08 - ^ + Bq^Kq + L ^ Qu 

4y s 



N* = 



p° 



This can also be written 



w 8 -i ? 3 + £ 's 8 + K 'q + L' , n 
4' = fcos x a T sL_^ *^ V& 

- 1 S in- ^f + Bil-Vq + IJ 

jx — B — */ffi + V^2 

■° ~~ J. "~ 2p» 

ip- -g- (- 1 + y)p a + y* - VflVfl 

J. ~ 2p 3 ' 

r,-L_ (p + y)^S 1 +(—p + y)VS 2 
J. 2p* 
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Tested by p — 7 (Phil Trans., §9), 
v 



(38) v = $g> 3 , x = z(l-z)\ y^z{l-z), P = 3 - fe± hz \ 



= j_ e TJ/(») 






(39) 

and thence 

/ [ i ,3_( 1 _ z)22)2 _( 1 _ z )3 i ,_ 2(1 _ 2) 4j is/ ^ 

(40) B T [~ j> 3 — (1 - z)V + (l - s) 3 ff - g(l -s) 4 W# 2 
iT V 2p* 

/ [— 4p i + + (5z 3 — 4s 3 )p s -|- s 3 (l — zfp + ^(1 - 2) 3 ]V/Si 

(41) (7 _/ =F [— 4/> 4 + + (5s 3 — 4s 3 ) j? 3 — s 8 (l — zfp + ^(1 - a) 3 ] V& 
IT V 2pV 



m 



(42) 



(43) 



if = I cos- ^ 5 + ^+^+^ + ^ + X ^ ft 
= | sin- W-Bf+Ot-mt + Kq-L ^ ft f 

2___4z 5 (l — z) 6 



# 2 = 



jp' 



so that $! and §2 must change sign when z is positive. 

Similarly for ft = 9, PM. Trans., §10, 

M4J V = |(03 ' a; = c4 (l-c)(l— c + c 3 )- 2/=c 3 (l— c), 
1 J t 18P = 1 + — 3c 2 + 7e 3 

(45) ^ = = a/ ( t. + ^g! + ^ + hWA T(— j? 3 + h 1 p 2 — h 2 p + h 3 )VS„ 

(46) ^ = ^(1-20), A 2 = — c 4 (l-c+c 3 ), /j 3 = -c 6 (l-c)(l-c + c 2 ); 
and thence the remaining coefficients 

J (-p* + hp 3 + hf + ^ 3 i> + *«) ViSi 



(47) 
(48) 



^ = _(l + c 3 ), h,— — c»(l — c + c 3 )(l — c— c 2 ), 

&, = c 4 (l — c + c 2 ) 2 , & 4 = c 6 ( 1 — e) (l — c + c 3 ) 2 ; 



14 
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and so on, in 

$ = | cos- 1 ^ 7 + B<f + Gq* + Dq 4 * + Gq* + Htf+Kq + L)*/ &-*- Ntf 



(49) 



(50) 



= f sin- 1 ^ 7 — Bq* -f Gq> + Dq* + Gq 3 — Hq* + Rq- L)*/ Q z + Nq%, 



N= 



2c 2 (1 — c) 2 (l — c + c 2 ) 



Material for the construction of the case of ^ = 11, 13, 15, 17, ...., will 
be found in Phil Trans., §§11, 12, 13, 15, 

15. With a parameter v a fraction of the imaginary period a 3 we must 
take a = — 1, as stated above in (4), §13 ; this is also evident from the graph of 
the quartic Z, which must now have all its roots included between z = — 1 
and + 1. 

At the same time as 4*' is given in (2), §12, w' = m — pt is given by a rela- 
tion of similar form, 



(1) 

where, as in (7), §5, 



2n+ 1 
1 



cos 



„2» + l 



! ffi^- 1 + K x $ n ~* + .... 7 
2n + l~" ~ p 2re+1 '"'" " V ' 



sin 



(2) 

(3) 
(4) 



B 2 



P 2= ( Z_2 fJ~^ * = !+«*+ ^ap 



If & is positive, denote it by X. 2 , and put 
„ 5 „ v 2 + 1 , 

2 2 -=- = X -a -, «3 = 

J!f v % — 1 



\"kvdv 



:*, 



2v 



v 2 — 1' 
where this new v must not be confused with the parameter v. 

The degree can now be halved, as before in §12 for ty, so that 



(5) 



w = — T COS * ^r-STT ! V "1 

1 ■ . 1 fe M -^- ! + .... /17 

= ^TJ sin ifc^ VFs ' 



which is required to satisfy the differential relation, from (12), §4, 



(6) 
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dn 



f B\fLz — L'\ 



(—£)-* 



L+_P, 
M 



L — P 
M 



dz 

Vz 



L — P. 



( z - 2 M) + 2 nr( z - 2 M) + ^r* 



(—£)-* 






2^—L' = L"l; 

M 



dm 1 
dv 



where 

(7) 

and thence 

(8) 

where 

(9) 

a relation similar to (6), §12. 

Writing the quartic Z in the form (3), §3, we saw in (14), §7, that the 
elliptic arguments o 3 , v t corresponding to 

B 



(L + L")v i + 2Pv* + L — L" 



^-(t?_l)*' 



p=0, z = 2 T ±l, 
V 3 + V i =V—Vi + v t . 



(10) 

were such that 

(11) 

But written in the form 

(12) Z=a(*-F)[(z - 2-|) *-tf]-4(Hz-Ky, 

the values z = ± */ F correspond to arguments v B and v 6 , such that 

(13) v i — v 6 = v 3 — v i . 
Equating the coefficients in the two forms of Z, 



(14) 
(15) 
(16) 



4iP = -«(*"- 1) + 4 -£,, 
4HK=-2a(F- 1)^+4^, 



if 
£ 2 



ilf 2 



4P = a l F-l)(4| l -i) + 4 



Z^ 2 
M 



2 ' 
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and eliminating R and K, we obtain the equation for F, such that, rejecting 
F— 1 = 0, 



(17) 
(18) 



1 — 1 = 4a ,,„ — , 



~W 



L% 



M\ MJ M 



Then 



(20) 



(21) 



(19) Z + 4[g(— .£)+ §] = a(rf- *)[(. - 2 1) 2 - tf], 

and introducing an arbitrary a, 

. ^.-.D'-^c.-.©'-*.]-*^.-.!)^] 
. +»{(— 2) ,+ «&—4>«£-']}- 

Taking the second quadratic factor 

~(a 2 + 4 yo — 4 ^ + a^)" 
make it a square by the condition 

(22) («» + «»•)(»•+ 4-^.-4 ^+«JP)4 <y«-^)'=0. 
This quartic equation on putting 

will be found to reduce to 

(24) (f + Spvf + 4yip'v — 2p"v = 0, 
as before in (16), §12. 

Then we can write 

(25) -\ A 
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of the same form as 1\T Z in (7), §12, and the resolution is effected in the same 
way, so that the preceding algebraical results for 4 1 ' can be utilised with slight 
modification for m'. 



(26) 



(27) 



When h is negative we must take 

„ B , — w 2 + 1 



' M 
p = X 



2w 
v? + 1 



tf = —k, 



2w 



to effect the halving of the degree of the algebraical results in the form 



(28) 



_ 1 Hw in - 1 + 



rr+i 008 ""^^)^^ 



sin 



_, Kw^- 1 + ... 



\u?+ i) n+i VWz ' 



n + \ 

satisfying the differential relation 

, 9q , dJ_ (L + P)(w* + 1Y- W(w 3 — w)—SLw z 

W dw~ K+lV(lPiTr g ) 

We can however infer the result from the form when ^ is positive by putting 
(30) 



i°+-J, * = *■ 
w + 1 



(31) 

(32) 

when 

(33) 



z -2*=*i+4=* wZ+1 



M 



2w 



dm[ 
dw 



„ 2v . — v? + 1 

1 v — 1 2w 



(L + P)K — l) 2 + 4L ;, (m> s + «?) + 8Zw» 

(-™ 2 + iy(rj 2 ) 



and then a change of /I into Ai, L" into L"i, and w into wi, with appropriate 
change in the coefficients will enable us to pass from positive to negative k. 

Now with positive k, and 

(34) V 1 = av i + 2(]v 3 + 2yv l + 2o~v + s, 

(35) V 2 = — «v 4 4- 2/?v 3 — 2^ 3 + 2hv — e, 
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and with 
(36) 

we find 
(37) 



\ = aw* + 4bw { 



■4- 4tiw 8 + 6cio 2 + Adw + e, 



W 9 = — ew 4, — 4dw 3 — 6cw z — \dw — e. 



16. In the algebraical case 



(1) 



jj — 



n+t 



COS" 



Hju?— 1 + H x w 



,2n — 2 



(- H> 2 + 1) 



1)» + * v yVl 



- n + $ sm (_^ +!)• + * 

Thus for instance, for ft = 3, 



VTF,. 



n 



(2) m^fcos 1-^-^^1 = 18111 1 _T_VF 21 

(3) V lt V z = ± (L + L> 4 + 2(L +- L")nv 3 ± 2 y « 2 + 2(L - L"j J ± (L - L") 
leading on differentiation to 

(4) 

and replacing v by the new variable w from (30), §15, 

• i Aw •¥ B ,-rjj „ • _ i i?w; 4- A , xxr 

(5) *'-feo S -> , T ^F^fsm » J WIT,, 



dm< _ _ (L ± L") o« + f y?> 2 + L - L" 

dt> "~ '" " W(PiF 8 ) ~~~ ' 



#(__«,* + 1)1 ^ "1 3 " N{- 

where 

(6) A= 1 + «, 5= 1— n, 

(7) TTj = aw 4 + Abw 3 + 6CW; 2 + 4dw + e, 

(8) TT 2 = — ew i — Adw 3 — Qcw 2 — Abw — a, 

(9) a = 2(L + /)— 2(L + !/')» ~ 2(L - L")^-, 

(10) e = 2(L + y) + 2(Z + 2/> + 2 ( Z - L ")^< 

(11) 6 = 2i" - {L + U')n +(L- L")~, 

it 

(12) d= 2L" +(L + L")n -(L — L")—, 



n 



(13) c=2L— fy. 
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(14) 



Putting n = e a , we can write 



w ' = *cos 



WW 1 = \wa. 



_i rash 



t« 



#(— w> 2 + 1) 



chi VTT 2) 



#(-«; 2 + 1)« 

(15) a = L + y — 2icha — 227'sha, 

(16) e — L + y + 2Zcha + 2L"sha, 

(17) b = L" — Lsha — U'cha, 

(18) d = L" + Lsha + Z"ch«, 

(19) c = Z-£ y , 

leading on differentiation to (33), §15. 

Now to pass to negative h, replace to, %, L", «, by wi, Xi, L"i, ai; so we 
replace ch« by cos sh«, a by i sin «, and put 



(20) 

(21) 

with 

(22) 

(23) 

(24) 

(25) 

(26) 

and now 

(27) m< = 



Wx = aw 4 + 46w 3 + 6cw 2 + Adw + e 
W% = e«> 4 — Adw 3 + 6cte 2 — 4bw + a, 

a = L + y — 1L cos a — 2X" sin a , 
e = Z + y + 2i cos a + 2i" sin «, 
6 = — L" — L sin « + -£" cos «, 
d ■= + L" — L sin a + 2<" cos «, 
c = — Z+ iy; 



cos 



_! WJ cos \a — sin \a 



VWi=f shv 



! MJ sin |« + cos ha > tit 



N(u? + 1)* 
satisfying the relation 

(28) (to cos U — sin i«) 2 JFi + (to sin \a + cos i«) 2 TT 2 = N\w* + l) 3 , 

(29) N 2 = y — L cos 2« — X" sin 2« ; 

(«n\ da ' - - g ( z + irK^ + 1 ) 8 - jX^K - 1) - s^ 2 

1 ; dto K+lMTT^,) 

We can now infer that the general result in the equation (1), with Jc = — A, 2 , 
assumes the form 



(31) 



n + i 
1 



cos 



_! Jfyo*- 1 + -Hito*- 8 +....+ H*. 



(v? +!)"+* 



- 1 V Wi 



sin' 



^H^v?*' 



1 ~~ ■"&» — a** + • • • • -"0 / yjp?" 



n + | (to 2 + 1) K + * 

with TPi and W 2 related as in (20) and (21). 

The details of the calculation for (i = %n + 1 = 5, 7, 9, . 
an exercise. 



. , can be left as 
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17. With [i even, = 2n, it is not possible to have 



(1) 



4' = -cos ^ VT, 

1 . ^M*-* — h 1 f n ~ 3 + .... im 
= n Sm W ^ T " 



because, squaring and adding, 

(2) (fa 3 "- 2 + V" 3 + • • • • fT x + (Af- 2 — h y t in - s + .... fT z , 
consists of odd powers of t, and cannot be made equal to NW". 

But in the case of (i even, T breaks up into factors quadratic in f, of the 
form 

(3) T 1 = of + 2/3/ + yi , (4) T % = - a/ - 2/8/ — y 2 , 
and from Laguerre's formula (16) §7, when 

(5) Vl + « 3 = v = f(d 3 , v 1 — v z z=v'=fa 3 , 

(6) V e 3 _ p V = s/s 3 — cr = — (\/a 2 y a + <«/% y 2 ) , 

(7) Vc 3 - jw' = Vs 3 — « = ~2 (v'ojyj— Va x y ? ), 

(8) Va 2 yi = Vs 3 — cr + V's 3 — s, (9) Va 1 y z = Vs 3 — a — *Ss 3 — s, 
and 

(10) a l (H = {L + LJ, (11) y x y z ={L-Il)\ 

(12) Vo^a,^/, = L 2 —L n ~s — a = s(tf)—s(v) , 
where a or s(v) was replaced by zero in §12 with (i odd. 

Formula (13) §12 gives 

(13) V4.Si— a.8 z — a.s 3 — <J = i(a 1 /? 2 +a 2 ^ 1 ) <\Zy 1 y 2 + £(&ya + /^yiVo^ag 

= i(Va 2 y 1 + Va^) (A ^a 8 y 8 -h&Va 1 y 1 ), 
so that, from (6), 

(14) Vsj — cr.Sg— <j= M&Vajjysj + AjvViyJ, 
and similarly 

(15) \/s 1 — s.s z — s = h((3 1 Va z y z —P z Va 1 y 1 )- 
With one condition still at disposal we can make 

(16) */ (Xl y 1 = \/a 2 y 2 = Vs — cr, 



& _ Vs t — a.Sj — a ± Vs x — s.s z — s 



y ±l 4 lL + L')( / ys 3 — dip ,/s 3 — s) ± 2P (>/Si — cr. s 2 — a±^s J — s.s,— s)±(L— L'} */ s a — o±^/s 3 - 
(18) j/zr ^=r 



Greenhill: The Motion of a Solid in Infinite Liquid. 117 

suitable for U — L' 3 =* — a positive; and then putting 
(19) *<Jz±y = *, 

^ {L^LJ-\_ X V^=* + * X s- a + tf=T ff J 

a/s—o ' S—a A^s^a J 

homogeneous in a and s, and so independent of homogeneity factor. 

An appropriate change of sign will serve for U — Z/ 2 =s — a negative. The 
same form of T x and T x will hold for parameters 

2 T 

(21) VfV f = ai + — : ^a tf 

with an interchange of s x and s 3 . 
But with 

(22) V ' V ' = ° 1 + £+l tt3 ' 



s 2 and * 3 change place, and Vs 2 — a , */s 2 — s are negative, so that we take 



(23) * = {L+n) ' / —**^ a - a ; (24) n=-(L-H)*—> ± ' / *—: 



^ 13 Z — V^ 

Finally, with 

(26) V}V > = ai+ *L±J: as> 

s 2 and s 3 change place again in (23), (24), (25). 

The discriminant of T x in (3), (18) as a quadratic in f 

(27) ft-- a iyi = (_^fc^tLh£^t£, 



so that the roots can be expressed rationally by Vs a — a , Vs a — * . 

When the shape of the body is such that p = pf, the quartic Z reduces to 
a cubic in z, and our equations connecting % = cos $• and ^ become the same as 
15 
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those required for the motion of a symmetrical top {Annals of Mathematics, 
vol. 5, 1904); in this case t + 1 is a factor of T, say of T lt so that 

(28) on - 2ft + Yl = 0, 

reducing in the case of v = a 1 -\-fa s to 



(29) V L + L ')(^ s — S »— V<J ~ %)-( L - L ')(^ s -s 2 + Va~ a,) 



= 2(\ZS] O.d S 3 + VSx *•* S 3 ), 

and then 



J (L + L'){\fs — s 2 — Vo — a,) + (L — L')(Vs — s z + Vo — a a ) 
(30) -\ 



= 2(Vsj — c . s — s 3 + Vsj — s.a — s 3 ), 
whence Z and i' in a case where the motion is the same as top motion. 
We can put 

(31) L + U = VWtf .a, L — L' — Vs~^a.-, 

a 

and then from (29), (30), 

(32) a = (^i — q + £ji — *)(^« — s 3 + V(T — s s ) 

\/s — cr(Vs — s 2 — Vcr — s 2 ) 
while 

(33) M z = s\(v + O — s$(v — tf), 
denoting a and s by s^) and s(v'). 

18. Before proceeding further, test by a simple case 

(1) v = ho s , 
so that we can take (Phil. Trans., §37), 

(2) *i = — ' s 2 = *> *3=0, o= — 1, 

(3) p = i(±.+ ^=™iE, with* = o!», 
and now put 

(4) s 3 —s = ¥, Sl -s = ^+W, s, — s = o* + V, 

(5) B* — Sl — s.s 2 — s= 1 + (4^ — 2)& 2 + b i =(l — b z f-\- 4P*tf, 

(6) 4P 3 = s x — tf.&j — <r, 

(7) i 3 — i' 3 = s — <y=l — h\ 



y = Uo*- if -±^\ ^r.sjahi-'^^r,, 
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Try 

(8) 

with 

(9) on = a, = (£ + L'f, (10) ri = (1+ bf, y, = (1 — &) 3 , 

(11) ^ i = (gP+j^ ± j) > (12)/3a = (2P-^- &)) 

and then to satisfy the differentiation 

Af/ _ (£ + £Q¥ + 2(£ + L')Pf + £ 8 — L' 2 



(13) 
we find 
(14) 



dt 



*V« 



2Pb + B ~ 2P& + 5 

., itg — 



(X + £')(1 + &)' ~" ~ (X + 2/)(l - J) • 
The results can be thrown into a more symmetrical shape by putting 

(15) f = xj L ~ l , (oy x J jf^-^ if requisite) , 

and writing 



(16) 

(17) 

(18) 

leading to 
(19) 



2Pb + B I 2Pb + B 



I — 2Pb + B /2Pi 
_ 1 a! V \=b V 1 + 5 

i—2Pb + B , /2Pb + B 



vi, 



= *sm" 



^a> 



\ZX 2 , 






X 



dx 



+ b' 



x 2 + 2x 



V(l— b z ) 



+ 1 



2JCS/XJXJJ 
and, squaring and adding, we find 

UP 



(20) 



#»= — 



(1-6 2 )*' 
implying that X x and X 3 should change sign to obtain a real result. 
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If II — U z , s — o, and 1 — 6 2 are negative, so that it is requisite to take 



(21) 

then we write 

(22) 



(23) 

(24) 
leading to 

(25) 
and 
(26) 



I/ + L' 



2P6 



\ B--2Pb _ IB+2P 

^' = *C0S jyr - VX X 



5+ 2P6 



\B — 2Pb IB+21 
i • _ 1 a? \ 6 + 1 \~T^ 



= £sin 



Nx 



*/X z , 



- .15—1 „ 5 + 2P . 16+1 



6 2 
6 2 



T _ j 16 + 1 ■ , B-2P _ 16-1 
P 



2aVX 1 X S5 



#: = _ ^ +28 V(5 '-1) 
dx 



— 1 



16P 



(6 s — 1)*" 

With a parameter 
(27) v = % + £o 3 , 

Sg — or an d s 3 — s are negative, and we take 



(28) 
(29) 

(30) 

(31) 

(32) 



<t = 1 , a — s 3 = 1 , s — s s = 6 2 , 
L 2 — L lz = s — <y = b z — 1, 

£ 3 = Sl — s . « — s 2 =Q- — 6 2 )(6 2 — o 2 ) = 4P 2 6 2 — (6 s — l) 2 , 

4P 2 = Sj — <T . (X — s 2 , 

P=i( o )= — - — , x = o s . 

\ o J o 
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Now, with 
(33) f=xJ 
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L — L' 

L + L n 



(34) 



\fW + 2P6 - 1 + y- 6 2 + 2P6 + 1 y&2 + 2P6 — 1 - 4/— 62 + 2P6 + 1 



1// = }4 cos - 1 . 



4/6 — 1 



TPx 



V6 + 1 



V*i 



4/6* + 2P6 — 1 + y— 6" + 2P6 + 1 4/6 2 + 2P6 — 1 — 4/— 6* + 2P6 + 1 



Xsft- 1 . 



V6 + 1 



-&r 



4/6 — 1 



V-Xj. 



(35) X ] = ^^ + Sx*^f-^, 



(36) ^=-^^^±1 



2a; 



5+ 2P 






(37) iV 2 = 



32P 

(V—lf 



leading on differentiation to 

p 

(38) d±__ ^ +2x V(^-l) 



+ 1 



(39) 



2aV^X 2 

When Z 2 — Z' 2 = s — a is negative, so that we must take 

a J Z'-Z 



an appropriate change of sign must be made equivalent to replacing x by xi 
in (16) where v = io) g , so that 



(40) 



' , v „„, ,/ /£-2P6, /_B + 2P6\ / , /6-l,„ 5 + 2P, ./6 + 1. „ 
-1^ .in-iL/ B-'ZPb ,.IB+ 2P6\ / „ /6 + 1 „ J8-2P /6- 1 „ 

= x«n 1 ^y_ F __ + y___jy_,y__-2a !T2 _ r -y nri ^iv- a! , 



16P 



(«) ^=-(F^T)«' 
and 



(42) ^4/ _ _ 



a; 2 — 2a? 



\/6 s — 1 



— 1 



2aVX 1 Z 2 
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So also, replacing x by xi in (34) where v = g>j + £o 3 , 



(43) 



-*[,±L±* 



2P6 - ft 2 + V- 1 + 3P6 + V* yi + 2P6 - 



4/I-& 



= % sin -1 1 a; 



2P6 — 6 2 + V— 1 — 2Pb + 6 2 4/1 + 3P6 — ft 2 — 4/— 1 + 2Pb + 6» 



4/1+6 



— =L= I vX -i- Nx 

vi + 6 y y l 

S 2 - 4/-I + 2P& + &«\ _ 

ira j^ + 



*- iVic, 



, AA \ t- — ~a ll — b _ 2P—B ll+b 
,,-% xr 2 I 1+6 , 2P+B . ll—b 

(46)JP ^CTJi' 

so that X a and JT 2 must change sign for a real result, when P is positive. 

19. Generally with fi = 4n, and a parameter 
(1) 



03 
2n' 



and beginning with the case of 

(2) L n — Z 2 = cr — s positive, 

we put 

and can satisfy 

P 
(4) Aj/ = _ ^ + 2x y a - s 

dx 

by 



— 1 



(5) 

where 
(6) 

(7) 



4/ = JL cos- 1 ^^- 1 + ^a 2 "-* + .... + JT^ + A) V(-Zi) -*• ifa" 
= ^ sin- 1 ^* 2 "- 1 + 5 2 a; 3 "- 2 +....+ K % x + Z 2 )x/(.Z" a ) - tfsc* 



x — 


„« Vh~ «- Vls-O 


■"1 


Vff— 8 


x„ = 


_ T « y« 8 - S + V 8 3 - <* 



3z 



+ 2a; 



V«! v 



.«,—'« + V^ — <t . s 2 — a \/s s — s + 4/8, 



4/<r— s 



4/Sj — s . s 2 — s — 4/Sj — . s 2 — (7 4/83 — 8 — 4/53 — g 



4/<T — 8 

To simplify further we put 

(8) s 3 — s = 6 2 , s 3 — c = c 

(9) (s, - s)(s 2 - ,)=(* — s s + 6 2 )(s 2 — s 3 + 6 2 ) = £, 



4/<t — « 



— „2 
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suppose ; and this can be normalized to 
(10) B=(^+b*){<? + W), 

where o denotes the octahedron irrationality, defined by 



*2 *S 



(11) o* = ^ = !*Z^L«; 
and with 

(12) o =(£ + <?){<? + <f), 

(I.) x,= ^fe-^^fe^Wfe, 

But with 
(15) II — U z = s — a positive, 

we put 

06) * = a ^£=£; 

6 and c must change place, and 

p 

(17) <fy _ \/g — g 

dx 2aV-Zi-2jj 

With a parameter 

<"> • = - + 5' 

we have to put 

(19) s-* 3 = & s , * — «, = <* 

(20) B = Sl — s . s — s , = ( Sl — s 3 — b*)(b*-s 2 + s 3 ), 
or normalized 

(21) a= (7" P ) (P "^ 

(22) C=(^ -<?){<?-*), 

and then 

(M ) x,=-^^-^^±^ + vi=-:, 
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or else b and c, B and C change place, according as we have to put 



(25) 



; = x\J 



L-JJ 



or x 



*Jtj 



— L 



(26) 
(27) 



L + W * U + L' 

In the determination of the coefficients A lt . . . . L u A 2 , . 



i», we can take 



•i •"» 



a ' v b — c' " l "1 b + o' 

(28) ^-iA = J 3 Z 2 = — 1 , 

and the value of "k may be inferred by induction from the associated pseudo- 
elliptic integral discussed in the Phil. Trans. 1904 



(29) 



_ rP{w~<?)+ q db 



i( v) =f 



<? 



*JB 



- rc ° S (P ~ c 2 )* n ' " — "*"*> 



from which we may take 
(30) a, = e'" 11 ' = 



,™j(u) _ iWiffi + E^^B't 



V — <? 



(b z ~ c 2 )*" 

The remaining coefficients are now determined readily from the differen- 
tiation in (17). 

Tested by p = 8 (Phil Trans., §38), 

(31) » = Oj + io 3 , 

(32) /(*)=ich-i|^>^ = *sh-i*^V^, 

(33) ^=±(& 2 + l) + (^+ )6, 

<"> <l+°)=^=C^ i ) s . 

rtlrt p _znj^_ (3c 2 +l)(c 2 -i: 

(35) /-— o — 8c3 

(36) g = i(c 4 — l) = cV(7; 
and working with 

(37) f = ^^' 



I? — L' 2 = s — a positive, 
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then 

p 

(38) d± _ _ f + 2a? VF=? + 1 

is satisfied by 

f ij/ = i cob- 1 ^^ + B x x % + K t x + AV-Xi -*■ iVa; 2 
™ 1 = i sin- 1 ^^ 3 + S^ + K 2 x + 4)VI 2 -*■ iVx 2 , 

with Xj and X 2 as in (23) and (24), 

(40) X = e» = <* ~ *&W± (f +°V W f 

and in addition to the values of J.!, L lt A 2 , L z , we find 

(40) iV _ 4 (j>_ < ^, ( . ' 

Tested numerically with 

(46) i = ^±±, .= ^=2, 
we find 

^ (x 2 ^ + as - X) -*- Nx* 
~ * sm V^75 + X 4/5^/5 + * "2^75 V V 

leads to the requisite differentiation (38) with 

(A 8 \ P - 1 ~ 2V5 J. 3-V5 

l *°> V(6 a — c 2 ) ~~ 8^/5 ' 4/5 * 

16 



(47) - 
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In this case, and also generally when bc = l, 

(49) v' = a 1 — $a 3 , v 1 = a 1 — ^a 3 , i> 2 = i<»3> 
so that «!, jSj, y lt Si, can be expressed by algebraical functions. 

With (i = 12 (Phil. Trans., §40), v = o x + io 3 , 

(50) # = (1 + 0? + a s , 

(51) r| = ± 6 2 + i(l + a) 3 (l — a)6 =F a 3 (l+ a + a 2 ), 

(52) */<?= i(l — a%a + a 2 + a 3 ), 

(53) P = T V(1 — a)(5 + 3a + 3a 2 + a 3 ), 

, _ [& 8 + ( 1 — a) & — 1 - a— a 2 ] <s/i% + [*> 2 — ( 1 - a)h — 1 — a — a 2 ] \/j% 

and thence the calculation can be completed. 

Material for the construction of cases corresponding to parameter 

(55) v — Ox + ia 3 , % + tV<a 3 » » 

will be found in Phil Trans. 1904. 

20. With ft = An + 2, the method of reduction given in §24, Phil. Trans., 
p. 251, must be followed ; choosing a parameter 

. 2r + 1 

(1) V = Ul + 2^fl 6>3 ' 

and using the new variable 

(2) a = ^^±^, 

implying that Z 2 — X' 2 and s — a are negative, we can write 

4/ = -A- cos-i^" 4 - gi^+ • • • ±&±A VXl 

T 2rc + 1 #a: K +* v * 

satisfying the differentiation 

p 

- , , 05* + 2x -^r r — 1 

(4) W_ — _ V(p — s) 

dx 2xVX t X 2 



(3) 



and 

(5) 

(6) 

(7) 
(8) 
(9) 

(10) 
(11) 
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X x = a x x* + 2(3 x x + y x , X z = — o^* 2 — 2^ 3 x — y a , 



s/<S — S 3 — V ' S — So 

a * = v7=Ts = -*' 



*/c — s 2 + Vs — s„ 

«* = vF^I = -^ 

ai a 2 = y x yz = 1 , 



/?! Vsx — <T . a — S 3 =fc Vsj S . , 



cr — s 



Then 



-4i = -j- Vag, X x = + /U/«n 
ig = Y V«i, ■Aj == — ^-v/agj 



and guided by induction we find 



(19\ 52 JL — -EVs i — * • s — s 3 =*= J Vi — s a 
(l-i; a,^ (<r _«)»+* ' 

derivable from the associated pseudo-elliptic integral 



(13) 

so that 
(14) 



I(v) = f 



P(a — s)—Q ds 
a — s V(— #) 



127 



_1 p U-l ^V^i — s « s — S3 _ 1 .-iM- So 

2« + 1 ((T — s)" + i _ 2rc + 1 (<r — s)"+* ' 






Performing the differentiation of the cos * and sin -1 in (3) , 



(15) 



#-' = 
da 



a; 2 + 2a; 



Va — s 



— 1 



#1 



N* 



2(A z x in + ....+ LJxVX^ 2{A x x* n + ....+ L x )xJ X X X % ' 
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and 
(16) 

(17) 



i?j = [(3w— l)A x x^ + (3m - %)B^-i + (3m - DKp — (3m + UZjKo,*" + Sftcc + 7l ) 

+ U,as*» + £ja;2» -i + + K t x + LJ&a^ + Sfta: + 0) 

= (Aj0* + B 2 x*»- 1 + ....+ jr 2 a; + Z 2 )[(3m + l)x* + See (3 " + _ 1)J> - 3m - l], 

JV 2 = [(3m - 1U 2 z2» +(3m - 3)5^-1 + . . . . -(3m - l)K t x -(3m + 1)Z 2 ](- a 2 a; 2 - 3/3 2 a; - y ,) 
+ (A 2 x*» + Ex*>-i + + K t x + Z 2 )(- Zcyfi - 2/3 2 x - 0) 

= (1.x" + B.x™ - 1 + + K.x + i.)f-(3m + Da? - 3a; (2m + 1)P + 2n + 1~], 

L 4/(7— s J 



and more than sufficient equations are obtained by equating cofficients in (16) 
and (17) for the determination of the A, B, . . . . , K, L, and for their verification, 
when s, s lt s 2 , s 3 , a and P are assigned for a given integer n. 



(18) 
(19) 
(20) 



Thus we find the values of A lt A z and L lt L 2 given above; and further 
-<±i «i a 2 



\/(T > 



A= (, + «& + (,_„&_(* + !!£, 

A a a <x 2 Vff — s 

-S. = _ ( . + t)£l_ (l ,_«fi + S»±ilE, 



jL/2 a 2 ai v cr — s 



(21) 

and so on. 

If in addition 

(22) v' = G> 2 , s = * 2 

(23) X 2 = a?+2x 

(24) X 3 = — a; 2 + 2a; 
and we can take 

(25) 4 = 4,= l, L 1 = — L z =l. 



v s x — 


<r 


cr- 


— S 3 + V«j- 


— s 2 . 


s %~ 


-*8 


cr — s a 


VSj — 


■ <r 


,<r- 


— s 3 -f \Zs x - 


— s 2 . 


s z ~ 


~«8 



1, 



+ 1 
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Thus, for example, utilising subsequent results in §22, we have the following 
cases ; for fi = 6 , 



(26) 



=^«-i* + ^^- 1 )^-**v^h + 1 )+ N * i > 



(27) N- 



4a 



(2a — 1)*' 



Wf = " 



a^+Ste^^- 1 -! 



2z 



and putting 
(29) 



IV 4 4aa' i 



2a a - 2a + 1 4ax "j 

Jx 2a- 1 + V2a^T _1 J 



a — — = y, 



(30) 



'4' = icos-W+l)^ + ^=lh 



iV' 



= i sin 



■'(' + 7E=n)>/(-»-^F^) + '- 



For (i = 10, 



(31) 



c- 1 



1// - 1 COS- 1 [> + ix> - g^ u, ~ x » t --° ; A, c ~ x +1 1 



, (c - l )(c - 3) . c - 1 

h 4c + 1 ' 

c 8 — c 2 + 3e + 1 



^ L (c + l)Vc 2 - l.-c 2 +4c+l J 



.Mc ? 



(C - 1)(C 2 + 1) 



= * Sln -' [" + % + lK/c*-l.-c* + 4c + l - ^ + 



1) 



. / r « — « — 5c + i .1 „ « 

V [- *■+ 2X ic + l)Vc*-l.-c> + 4c + l + 1 ]+ **' 



or, putting 

* = * c-- 1 f[^ 2 + *y ( C + iv^-T.- 



(32) 



3in-1 F'[' 



c 2 — 4c + 1 "1 
c 2 + 4c + 1 —02 + 40+1] 

If , c 3 - c 8 + 3c + 1 1 

\ 1/ "^ (c+ l)Vc*-l.-c' + 4c + lj 



i sin m\ y + 



(c -jKcM-i) 



1 ]v(^ + 1) 



(c + l)Ve 2 — 1 . — e 8 + 4c + 

l[_ C 3_ c 2_ 5c+1 -j 

>L y ^(c+lVc 2 — 1. — c 2 + 4c+lJ' 

,33} ^*_ 128C * 

K**) - ( c + i)4 ( _ c2 + 4c + i)V(c 2 — 1)(— c 2 + 4c + 1)' 
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leading on differentiation to 

j(c+ 8)(-q2+ ic+ 1) 
CiA\ *^= V (C+1) S ~ 1)( ~ "' + 4e + 1J 

* y a v"i — 1/ < > -c i + 8g + i 7 ~"" " cs-c'-Sc + i 

Vy + y y + {c + 1} y (( ,-i _ 1)( _ c *+ic+ 1) V y + (c + 1) V(« 2 - IX- c* + ic + 1) 

Utilizing the results in Phil. Trans., §§31, 32, we could go on to the con- 
struction of the case corresponding to (i = 14, 

[ 4/ = + cos- 1 <7(« 2 + Ji» + E^Vtf + 1 \/*> + ft 
^ J = t sin - * (7(« s -f i^w 2 + F z v + F 3 ) V — « — ft . 

and corresponding to (i = 18, 

f 4/ = i cos" 1 <7(« 4 + A« 3 + ^ + ^ 3 « + EiWv + ft 
(36) { = i sin" 1 (7(i> 3 + ify 2 + F z v + 2^ 3 )V^fT V— « — ft. 

21. But if Z 2 — X' 2 = s — cr is positive we have to use the new variable 

(1) ' = f ^J^B< 

and make the expression for ty in (3), §20, satisfy the differentiation 

P 

7 , / a; 2 + 2a; . + 1 

(2) dty _, Vs — g , 

da; 2xV'JT 1 JT 2 

and 

(3) X x = ajflj 2 -+- 2ftx + yi, X z = — a#? — 2fta; — y a , 



(4) « 1= ^-*3-Vg-* 8 = 

VS — <T ' 



(5) a 2 = ^=^ = - yi , 



, .. ft _ Vs a — * . s — S 3 ± V*i — o .0 — s s 

(6) ft- ^ ' 

(7) ^=^T> A = (-i) r W ai , 

(8) 4.= IT' A=(-l) r Wa,, 
but now 



(9) * («_ ff )"T5 e 
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derived from 



(10) 

(11) 
(12) 

(13) 

(14) 



, / P( i _^_^ 



V(- 8) 



.xEo/sx — s . s 



2n+l~" (s_ ff )»+i— 2n+ 1 («_<r)»+* 

In this case the degree can be halved by the substitution (Phil Trans., §24)' 

a— s z 



(16) 
(17) 
(18) 
(19) 
(20) 
(21) 

(22) 
(23) 



<f = i^? , q* ■ 



S — <T = 



s— a 

<y — % 



1 = 



S— <T 



_fi 2 = ((T — S 2 ) 



f— 1 






fa — g)g 8 — («1 — gg) 

3 8 — 1 

* — (<*— ^g 2 — (*2 — s s) 



(15) (s 1 -s)(s-s s ) = ^-^\ f Ss) ftft, 



tf - I) 8 



a 



(T — S : 



3 



, _ J Bi — a. 

2 \ «j — s 2 • «2 — *3 2Va(a — m + 1)' 

A _ V* a S z . g 8 ^V^lfe ± Vgl g « g g 3 ($ 2 — 1) 



C — So 






TT l°g *i 



x _ e *+w = ^ 1A |2+i V & + ^^ Vft 
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Introducing the appropriate change of sign we have now 

v ' A 71 y» vs — c 

(27) 4L=(. + i)A + (.-»,A_(* + il£ > 

v ; A yi r» vs-d 

and so on. 

Carry s up to Sj , so that 

(28) v' — %, ^ = % + % 



2n + 1' 



ai _ V$i — g 2 T Vg — g 2 _ — r 2 
^ J a 2 \/sj — a —fi 

and we can write 



(31) JTj = x 2 (Vs! — s 3 — Vc — s a ) — 2aV<x — s 3 — V^ — s % — */o — s 3 , 

(32) X % = — ^(V*! — s 2 + Vcr — s 2 ) — 2aVcr — s 3 + Vsj — s % — Va — s s . 

22. Tested by (Phil Trans., §29), 

(1) /K=6, «=6) 1 + ^(,)3, 

(2) (7 = 2c, s a =l, P = *(2c — 1), 

(3) s, — s . s — s 3 = — s* + (c 2 + 2c)s — c 2 , 

(4) *! — cr.c— s 3 = c 2 (2c — 1), 

(5) $ = - C2 2 ± c 2 + 1 , 

V2 

(6) a ,|. = > |Z±Jv«i=F > |2=lVft, 



(7) 



& V2c — 1 



. A _ (g+lVft=F(g — lVQi 



in 
(9) 

(10) 



Grebnhill: The Motion of a Solid in Infinite Liquid. 133 

J ty — i cos" 1 {Ap? + B lX + L 1 ) s /X 1 -5- Nofi 
! = i Bin " * (A 2 x* + B 2 x + L»WX» + Nx\ 



d-V _ «? + W( 2c — l)(g 8 — T) + 1 
dx ~ 2xVZjX 2 

with A, L, a, y as in (7), (8), (19), (20) §21, and 



3 



fin „,__ i6o»fo»-i) 

K ' (2o—l)* 

Tested by (Phil Trans., §30), 

fl = 10, » = (,)! + £o 3 , 

(12) P = |(c + 3)(- c a + 4c + 1), 

(13) <r— s 2 = (c+ 1)V— l)(-c 2 + 4c+ 1), 

(14) («! — <r)(<T — «,) = 16^(0 + l) 2 ^ — 1)(— c 2 + 4c + 1) , 

(15) ( Sl -8 Z )(S Z — e,)= (c 2 -l) B (-c* + 4c + l), 

, 18 , ft _ (c + D(c - l)WQiVQ t ± 4c(g 2 - 1) 

1 > &~ (c+iy(c»- 1)(— c 2 +4c + l) - 

Putting 

(19) (g—1) [20(0 + 3)^— (c 3 + 3c 2 — c + l)g+(c + l)(c 3 + l)] =fli, 

(20) (q +1) [2c(c+3)g 2 +(c 3 +3c 2 -c + l)g + (c + l)(c 2 +l)] = U 8 , 

(21) Vte 2 — 1) [2o(o+3)g»— (of + c»— 5c— i)g + 2(e+l)] =L U 

(22) V(g»— l)[2c(o+3)g s +(c B + <?— 5c— l)g+2(c + l)] =L a , 

(23) (q +1) Og 2 — 2c(c — 3)g — (c+l)(c — 3)] = Jf 1 , 

(24) (g— 1) [4cg 2 +2c(c-3)g — (c+l)(c— 3)] =M Z , 

(25) J+lvUo + l)'(c- 1 )(-^ + 4o + 1 )} = D > 
17 
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we find 

(26) DB 1 = (-H 1 -L 1 )VQ 1 + (+E, + L 2 )vQ2, 

(27) DB z = (+B 1 -L 1 )VQ 1 + (+H z -L z )*SQ z , 

(28) DK 1 = (+H 1 -L 1 )^Q 1 +(-H z + L z )VQ z , 

(29) DK 2 = (~H 1 ~L 1 )^Q 1 + (-H z -L 2 )VQ2, 

(30) ^(M + Vfl) (t + 1)( ^^ + 1) , 

(31) ^ = W^ft-^ft) (0+1)( .l^U+l) 

(32) ^ = 2048o^(^) a [(ca _ i)( ^-y 4c + i)]f . 

A change of c into — 1/c will give a parameter 

v = «! + | o 3 in the region \/5 + 2>-c>l, 
with 

(33) P = i(3c— l)(— c 2 + 4c + l), 

(34) (T — s 2 =(c— l) 2 (c* — 1)(— c 2 + 4c+l), 

(35) s 1 — a.a — s 3 = 16c\c—lf(c 2 — l)(— c 2 + 4c + l), 

(36) * 4 = ± g^-, - 0^ ^ +G*i + »X ^ '«•■ 

1 ' ft~(o-l)(o+l)» ' 

,,.. ft_ (c- l)(c + l)V QiV& T 4^(g»- 1) „ 

^ &~ (c— l)V(c«- 1)(— c 2 +4c + 1) ' <KC - 

We can construct the special case in which 

(39) v = o l + |o 3 , «' = % + fog, 
by taking 

(40) L< % — L 2 = a — s = 4c(c 2 — 1)(— <?+4c + 1), 
and now 

(41j g»-l U— J* ? 2Vc ' 

(42) — 2~^- 2 % -4Vc , ^FT' 

(43) *=^ c aJ^' 

(44) ai = ^- = — y„ o, = Ve=— yi, 

u* t ± 1 - ca+2 c+l 

^45j Pi-^c 2 — l)(-c 8 + 4c+l)' ^ 2 -V(c 2 — 1)(— c 8 + 4c+l)' 
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and we find 

4/ - * C0S-4V J C - 1 + ^ (o-l) a (2c+l) 

— (c— l)(c — 2) , 2*/c(c — 2) |c+n /T - . „. 

+ ** VT^I + V-c* + 4c+l +Vc^l] VX ^^ 



(46) 

_ i ^-ir-^- I " 1 -! t 8 (o-l )(8o+l) 
-* sin [yc \ c + 1 ^ (c + ly-c 3 + 4c + 1 

+ af (_ c2 + 4 C +l)Vc 3 -l V-c 3 +4c+l Vc^| c — -^JV^-iVx, 

(47) ^= a (° + 1 )' , 

V ' C (c 2 — l)*(— 3 +4c+l)* 

satisfying the differentiation (15), §20; at the same time ty' is also of a similar 
form, so that a 1( /3 lf y 1} o\, are quasi-algebraical. 

A change of a; into a;i will give the case in which 

(48) Z 3 — Z' 3 = s — o=4c(<?— l)(c 3 _4c— 1), 

is positive, as in the region 

— V5 + 2 > o > — 1 , 

where 

(49) V = G>1 + |g> 3 , t/ = 6)i + f g> 3 ; 

and now we take 

a? <? + + 1 

V(— ?+ l)(c 3 — 4c— 1) 

(5l)Z a = — as»V— 0+2X- c 3 -.2c-l , 1 



(50)Xj= -7 2a; -7= , ' ' = — V— c , 

v / i t j_ Vf— c 3 -!- lUc 3 —4c— 1^ 



(52> 



V(— ^+l)(c^— 4c— 1) V— e' 



3c 3 — 8c+ 



<f — 4c 



o+l l—o+l c 3 — 4c+l , I c+1 "I . Ar6 

t=iA -c^r-^vo^lo^i - v " c \ =5+ir^- T -^' 



f 63^ AT 3 - 2(o+l)' 
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satisfying, as in (2) §21, 



(54) 



dx 



x*+2x — -= 



(c + 3)(c a — 4c— 1) 



W— c V(— c a — 1) (c a — 4c— 1) 



+ 1 



2aVX 1 X 2 
According to Phil Trans., §31, 
(55) ^=14, v = a 1 + lta 3 , 

we have 

" a, = e im 

= {A^ + A iq + 1)^1+1 v& + (Arf - A x q + 1)^1 --Vg„ 

(57) ^=(7^ ± tf 1? + l, 

and putting if 7 = in Phil. Trans. (16), p. 248, 



(56) 



(58) 
thence 

(59) 

(60) 
(61) 
(62) 



a = 



m(l — to)(2 — Zm + \/Jf ) „,_ 



2(1 — Imf 



M= 4m — 11m 3 + 8m 3 ; 



a 



_ (1 — 2m)(— to + yjf ) 
4m(l — to) 3 ' 



(7 _ _ (1 — 2to)(3to — 4m 2 + s/M) 
1 4to(1— to) 3 

— 2 + 3m + Vif 
2m(l — mf ' 

j to — 2m a — x/M 

1- ~ 2to(1 — to) 8 ' 



A, 



(64) 



(63) 7P („) = 3to + 2to Wilf , 

and here is material enough to build up the corresponding case of 

J $ = \ cos" 1 (A&* + B,x 5 + .... + K x x + ZO-n/Xj -J- iVx* 
I = | sin - 1 (^ + B,x 5 + .... +K& + I 2 )VZ 2 -s- .flfo* ; 

but J.j, 4 3 and (7 1; <? 2 are used here in a meaning different to that above. 

Similarly, from Phil. Trans., §32, or Archiv der Mathematih und Physik, III, 
Serie I, p. 73, for 

(65) (U = 18, v = % + !o>3, 
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the expression for % can be written down in the form 

fa, = e |7 

and the values of A lt A z , A s , and G lt C s , are given in Phil. Trans., p. 271 ; and 
thence the construction of the case 



(68) 



'V = \ cos" 1 (A,x 8 + B 1 x ! + .... + K x x + A) VXj -4- Nx* 
— \ sin" 1 (A z x 8 + B^x" 1 + .... -I- K % x + L. 2 ) sfX % + Nx\ 
in which the two meanings of A lt A % , and C lt G % , must be kept distinct. 
So also theoretically for (i = 22, 

23. For the determination of the motion of the centre with ^ even, we 
proceed as before for odd p, and the expression for 4 1 ' in terms of t= tan i& 
will serve for »', if Z' is taken to mean L", when k = 7? is positive. 

an —I— 1 

Replacing this t by -— — -j— , and putting 

f TT X = (to — l)*^ 

= ai(w + l) 4 + 2ft(w> 2 — l) 8 + yi (w — l) 4 

(i) 1 = (oi + 2ft + yi)(w* + i) 

+ 4(«a — yi)(w 3 + w) 
+ (Bon — 4ft + 6/iK, 
in which we can take, as a typical case, 



(2) 


+ 2ft 

_ 4/3. - 


„ _ IT I Tl\*S* — *» — */0 — *» 


(3) 


y - - (r._ r/)V« — «, + ^ — s a 

Vs — a 


(4) 
so that 


a V'gj ff . 0" — «3 + VSj — s . s — s 3 


Pi / ' 

v s — cr 


(5) 


.. _ „ XVs — s 2 — Z Vcr — s 2 

n 2 v^^ 


(6) 


■ .. _ Z/V«-«,-2V<r-« 1 


1 Jl V S -C7 


(7) on 


j oL'*/s — s z —L*/o — s 8 — Vsj — a .a — s 3 — Vs 1 — s . s — s 3 


1 U ~ ^s-a 


(9.\ fi/y. - 


Ca/ ^ S(L'Vs — s z — L*/a — s 2 )-\-\^s 1 — cr.cr — s 3 +Vs 1 — s.s — s 3 



V« — <T 
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and so also for TT 2 ; and then 

rq x dm[ _ (L + P)(— vf + 1) 2 + 4L'(w s + w) + SLu? 

{) dw (-«; 2 +l>v/(JF 1 TF 2 ) 



But for negative k we replace w, U, and Vs — s 2 by wi, — Li, and <«/s 2 — s ; 
and obtain a real form for a/, leading to the differential relation 

no x tfe/ _ (X + P)K + l) a — 2Z'(«> 3 — to) - 8Z^ 

24. Returning to the original variable z, and considering the resolution 
of the quartic 

Z — az i + AM + 60s 2 + 4dz + e 

B . „\ ./L'z — L^ s 



(1) 



denote the roots by B, a, B, y, so that 



(2) 



5 + a + /3 + y = 4 



if' 



Z' 2 



(3) (B + a)(3 + y) + 5a + 0y = - 2-aD - 4a" =- 2-aE- 4a-£, f 



M z 



M % 



(4) S(8y + ya + a8) + a8y = -4*-8a 1 ^, 



M* 



(5) 



&i/8y=l+aZ)-4a^ s =H-aS— 4a^. 



if 2 



If 2 



Then if x, y, denote any two values of z corresponding to the values u lt u g 
of the elliptic argument ' 

Laguerre's formula gives 

(7) K«i±« 2 )-« a =[ 2(x-y) J" 
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Thus «j and v z denoting the values of u corresponding to z = + 1 and 
z=-l, 

p(v i ±v i )—e a 

= la[l -(o + a)tf + y) + Sa + Py + Sa/?y] =F ^=^- 



(8) 



= ^a[l - 2(5 + a)(/3 + y)- 2 - a^- 4a-J + 1+aE-Aa^ 



L* - 27 s 
2ilf 2 



Z 2 or Z' 2 

= — ia(5 + a)(/3 + y) W~; 

and denoting «j + v z by « and «! — v % by i/, as before, 

(9) fw — e a = — ia(5 + a)(P + y) — ^s» 

Z' 2 

(10) jh/ — e tt = — ia(5 -f a)(p + y) — -jp. 

The factor if is at our disposal as a homogeneity factor, so put 

(11) Pv-e u = ^^ t 

in accordance with the notation employed in Phil. Trans., 1904; then 

(12) i M\h + a)(P + y)=—al?- a(a - s a ) , 
and 

(13) &M \{h + a) + (0 + y)] 2 = &, 
so that 

(14) r\M*{(o + a)—(P + y)] 2 = 5 s + al? + a(a. - s a ) = N* suppose 

(15) iJf [(5 + a)— 03 + y)] = N a , 

(16) *Jf (3 + a) = B - N a> 

(17) $M(P + y) = B + N a , 

(18) MS = B — N a -N fi — N y , 

(19) ifa = 5 — iV + N„ + # v , 

(20) Mp=B + N a -N li + N v , 

(21) My = B + N a + N p -N y . 
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Then 

f22^ w - e - - aW ± L% I aN « 

and since from (19), §7, 

(23) p2w-f P v = ali J + L , 
therefore 

(24) p2w - e a = ™fa, 

w denoting the value of w corresponding to z = oo . 

Thus v = 2w if aB* + U = 0, implying ai= — 1 . 
Denoting z — § . z — a by Z x and z — /8 . z — <y by Z 2 , 

(25) ^_^_ 3? j-2 3r ^.-yJ + - jp *-, 

(26) ^-^-^ + 2^-^+ w , 

and 

f Z = aZ^Zt 

- a [K z m) 2 w \ z -m) 8 -m^\. z ~m) 

N{ + Nf + W — 2N?N t * — 2iV 3 2 iV 1 2 — 'WfNf 



(27) 



+ 



M 



4 



G- 



and, therefore, equating the coefficients of the powers of z, 

R2 AT" 2 4- AT" 3 4- AT 2 7? 

(28) 6a B f ,-2a ^+% 2 + ** =<>c = -2a-E-4JL, 

so that 

ATS _L AT3 _i_ AT 2 „ f, 2 7? 2 

(29) 2a ' M* =2a + E+4: W + &a ^ =6p2w ' 
a verification; 

fSCfl -4a* 3 + la ^ ± N > ± ^ * - 3a ^^ -leg- jq g -■ 3 LL ' 
(60) 4a^p.-t-4a -^- y »a ^ 3 -^-M^tSyj, 

,_ # „ N 1 » + N t » + N a * & ■ . NjNM B . W + ....-2NJW... 
(6i) a Mi a M2 m 2 ^ M 3 M^ ~~ M* 

= e = a + E—A.^ 
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From (10), §7, 

(32) 2aBLEM— iLM 3 p'v — IEDM* = aW — 2 — iEL'M*, 
so that from (28), 

(33) 2aBLI/M = aW — 2 - Z a [a(iV r 1 2 + N z * + N 3 2 ) — aM 2 - 2L 2 — SaB 2 ] , 
and from (30) 

(34) 2aBLL'M = — £ 2 F — B 4 + (#/ + 2V 2 2 + i^ 2 ) 5 3 — 2N 1 N % N 3 B, 
so that 

f (J5 8 + aZ 2 ) Jlf 2 = (B 2 + aD\Nf + N, 2 + N 3 2 )— B* — SaB*L % — 2i 4 

(35) 1 — 2B 1 N 1 N S N S - aW — 2 , 



(36) 



M* - N? + N 2 + N 3 2 -B 2 - 2aL 2 ~ ^W^±g^ ~ S 
= n> + j^i + iyr 3 2 - B 2 —2aL 2 + 2aBNl ^~^~ X ; 



and we should obtain the same value of M % by equating the coefficients of 
a in (27). 

This determination of the homogeneity factor M 2 is essential in the appli- 
cations, when we build up a solution on arbitrary values assigned to B, L, and 
a, 8 1} &J, s 3 , as will be seen in the sequel. 

The expression for M % appears rather complicated and inelegant, but not 
much more than the form required in the corresponding case of the motion of a 
top (Annals of Mathematics , vol. 5, 1904). 

The expression for M 2 can also be thrown into the form 



(37) M> = g£ ~ «l=g^± ■*>*» = . W „)_ ,(,)], 

Putting 

(38) f(2w) — $>(v)=s(2w) — s(v)= s' — ff, 
and choosing s a = s 2 , we can now write 



(39) 

18 



M 2 _ (B*/s'— s% — Vsx — s'. s' — s 3 ) 2 + (LVs z — — Vsj — 0.0 — g 3 ) 2 
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25. Going back again to the variable t, of §12, and working with the case 
of s a = s 2 , and 



(1) 



(2) 

then put 

(3) 



v« — a 






V*j — s . S — s 3 •+■ Vsj - 


-<r . a - 


— «» 


Vs — a 






v« — a 




' 7». — _ (r + 7V) Vs — s,+ Va — s Zfi 

Vs — a 




, Vs! — s.s — s 3 — V«i- 


- a . a ■ 


— *3 


VS — (7 






vs — a 
, 2 __ 1 — 2 ^ _ 1 — 2 1 _ 1 + a 





3 /8 



1 + 2' * 3 + 1 2 ' ^ + 1 2 



(4) JflZsaJPZ^, 



_ 4212i 



+ 1)° 



and identify with 



(5) 



M X Z,= 



2Zj 

(f + I) 2 






+ v 7 ^ — s.s~s 9 + */s 1 — (r.c/ — s 3 ,g __ jx 
Vs — a 



-(L- II) 



Vs — s 2 + **/$ — 



2Vs — a 



- 2 (2 + l)\ 



and 



(6) 



Z -( z _ *V .«N % ( B\ Nj-(N 1 + N 3 f 
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so that, equating coefficients of z*, — 2a, and z°, 

/y\ -Af — ■L' s ^ & ' — s * — Ls/<s — s z + Vsj — s.s — s 3 + Vs 1 — a . a — s 3 

*/s — a 

($) B + N 2 _ LVs — s % —LWo — s 2 

a — W a — s a - 






Similarly, with 



00) ** = <rh> 



(ii) *=(,_ *.Y+ 2^.-1)+ W-W-W 

/io\ M — ~ L, */ s — s z~ I "/o—s i —*/h—8.s—s a + */g 1 — a. g— s 



*/ s— a 

B — N 2 _ — LVs — s % — L'Va — s z 



(13) , 

' M M 2 Vs~^ 

^V \ m J K—r-J K^n=i 

Then 

(15) M 1 + M 2 = 2 ~ LVa-s s + V Sl — a. a — g 3 

*/s — o 

(16) M 1 — ^-? XVs ~ s 2 + ^i — *•* — \ 

Vs — a 



(17) 



aM 2 = .M;jf 2 = (-^fr— g 2 — V^i— cr.g — g 3 ) 2 — (L'Vs— s 2 + V^ — g . s—s 3 f 

s — a 

= -L* + 2(s-o)+ZM*w- LW - S + Lxy , 



s — a 
analogous to the form in (36), §24. 
Also 



(18) 



aM(B + N z ): 



Za/s — So — II Va — 



So 



X 



Vs — a 

— LWs — s 2 — L*/o — s 2 — Vs! — s . s — s 3 + »/s 1 — a .a- 

Vs — a 



(19) 



aM{B-N 2 ) = =^ s ~ Sa ~ L ' V<J ~ 



LWs — s 2 — L\/a — s 2 + Vsj — * . s — s 3 + Vs 1 — a .a — , 

Vs — a 
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and adding, 

(20) 2aBM= - 2LL< - W-ff+ZV-S 

Subtracting 

2MN Z = 2Vs — s 2 . a — s z 



, _ — L*/s — s z */s 1 — a . a — s 3 — LWc — s 2 s/s x — s . s — < 

s — a 



(21) 

Again 

( 2 2) otff+ jsy»-awr 1+ *y» = (W^W« 1 -«.«-«,)»-j^^-y«><T.«x-j ! )« 

(23) o(j-a^-aty 1 -.y,)»- aV « II *- ,/ ''^'- '-^zgVi^viV*.-*. «-& 

and subtracting 

(24) agsN.-N^) ^* 111 */^ ■ iEh±^jEEMj±E<L "-«. , 

while adding leads to an identity. 

From the two equations (24) and 



(25) 2{aBM + 2J/) = - XV -^+^ V ~ 2 , 

squaring and subtracting 

(aBM+ LL'f- {BN 2 - iW= L% & ~ s ' s — ^J^ 1 - ° - ° ~ Ss) , 

= L 2 (*i — s + a — s 3 )+ (s x — <t)(<t — s 3 ) , 



(26) 



(27) 



2aBLL'M= - B*M 2 - UW + (BN 3 - N^f 

+ L\s x — s + a — %)+(«i — <r)(<r — s 3 ) 



and eliminating V — S between (17) and (25) 



(28) 2aBLL'M— — al/M 2 — V — L\Za — s 1 — s !) — «,)— IV — 2, 
so that, eliminating 2aBLL'M, 



( 29) (£ 2 + aU) M 2 = (BN, — NiNtf + (LV<r — s 8 - V*! - a . a — s s f, 
as before in (37), §24. 



--('-.K'-^.-i+'M^' 
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26. With aB z + U = 0, implying a = — 1, equation (20), §7, shows that 
(1) j»2w — pv = 0, 2«; = 'W = « x + v%, 

and now, with 

z 4 + 4bz s + 6cs 2 + Adz + e 
(2) 

(3) 
(4) 
(5) 
(6) 

(7) 

(8) 

(9) 

(10) 

whence 

(11) 

(12) 
and 
(13) 

(14) 



i l d _ ,2L' D , T 

60=2 — ^— 46 8 , 



6c + e — 1 — 46* ~(l + -^Y, 

-« 2 )=- c -i(i+4y, 



*>(i>i +%)= — c — 5 2 , 

. ,, » (e+l)(6 + <2) — 

V(«i — %) = v A ± 46 



•d) . ,, , v & 2 e + d 2 



rt(«i -v 2 )=i(c + -5-)' 
J-(»i + w 2 )= mo = i(«e£ 2 + 2&d + c); 



4 



d 



<— a± i )-' !L P = 



-3 2 +2Z>3 — -^ + V(-^) 
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Now if we put 
% = tan -1 



(15) 



»/z 



= sin 



-l 



z % + 26a — -f- 
b 



a/Z 



z*+ 2bz- 



d 



= cos 



we find on differentiation 



(16) dx 



( 1+ If 2b z d{^-qFt) 

dz s/Z ' (— a 2 + 1 V£ V^ ~ <fe 



+ 



(17) zM+-q*)=f0z> 

according as B = ± L; and 

(18) ' B 
so that 

( 19 ) J4"I"'' & <r( f»+w)' 

and algebraical cases can be constructed by choosing to an aliquot part of a 
period. 

Now 
(20) 



i(z — -jjf)= Z{v + w) — £(v — w)- %2w, 
pzdz_ _ B . , g(f-w) ^ 



(21) 
(22) 

(23) 



N a 2 = s a — a = — <r suppose, and 2N t N z N s = V — 2, 

2BN 1 N 2 N 3 — LV — S __ 2Wt> — iA? 
B z — U — 2Bip'v ' 



JSif 2 = #> + tf 2 IS — 3JS^ + *#© 

ip'v 



Greenhill : The Motion of a Solid in Infinite Liquid. 



147 



and from (34), §24, 



(24) 



2LL'M- BM 2 + B 3 + (N? + N* + N£)B - 2N 1 N i N 3 



= 2B 3 —B 2 ^ + iip'v. 



p" V 



ipv 



With 



M 



)• 



(25) N a =0, aB* + I/ + <J-s a = 0, 

<»> *,=(,_ |)_ ( ^y, A=( ._4 H ir.-^ 

(27) p2w — e a =0, ff2w = 0, 

(28) 2b 3 — 3abc + a?d= 0, 

L " + 2aL >| ^ ~/_ Y g ~ ^ -*« + *? + *y - <* 



(29) 



aM z 



= L z + 2aL y j^~o a + o, + o y 
=(L + a aJ^) - «--*»; *«-**, 



27. With ^ = 2n, an even number, and a parameter 

(1) 

we can write 



v = JJ-, or «, + -J-, 



(2) 



n (—2*+ l) ire A ' 

1 . , Kz n - X + K lZ n ~ z + .... .__ _ 

= V 1 *" 1 (-* + !)» ^ aZ l~ ^ 



and determine the coefficients from the differential relation of (38), §9. 

It is of great assistance in the calculation to start with a knowledge of the 
the leading coefficients JETand K, and these can be determined readily by taking 
z = oo , when 

(3) 



»'i — 



H + EV — a, 



(4) 

since 

(5) 



e* 1 *' 1 = — + ^ — a 
H — Ks/ — a 

H z + E 2 a = l. 
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But now at z = » , from (18), §9, 

and from (25), (26), §9, 

(7) K«i— «>) — f(«b — ">) = — 2a-^ 2-= r V := ^ 



(8) P{Vi + w) — ip{v i + w)= — 2a-^r-+ 2-^- V — a, 
so that 

(9) ^'^^(^"^rV" 
writing / for / (2w, v). 

With a parameter v as in (1), and 

(10) M 2 (g>2w — pv)=s — o = aB 2 + L z , 

we have I given by an expression of the form (Phil Trans., 1904.) 

(11) ■* = COS 1 , ^-tt^ Sin 7 ^TS » 

V ' « (ff— s) 4 « (<T — s) in 

/ , «* p nn - G-N,N y + FN a V-a 
I 12 ) e (a — sr ' 

K ' ~ GN,N y —FN^—a' 

so that 

(14) H+KV a - V(ON,N y + FN a V-a) 

(U) H-Ks/ a - ^(G^^-FN a V-a) 

(15) M AV a (BV-a-L? n ' 

whence H and K, in the form 

(16) 2T= ™A*(J+0), 2r = ^-L n( j +/3 ), 

on putting 

cos r, T , sin 



(17) 2? = V S -cr — 0, L = V*-cr^-/?, 
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When 



08) 

(19) 

(20) 
(21) 



aB z + L 2 = 0, a = — l, B = L\,s = a, 

+ (2LT~ ' V(2FN a )' 

j, K _ ±{2L) n +2FN a 
' " 2(2L)* B */(2FN a ) ' 



From the differential relation (37), §9, we find 

1 M M ' 1 M 



nH 



L-P 

M ' 



(22) 






'^ s + .AT' 



*=^[(^) , + K^^)-'-^(^)1 



and so on. 



28. Test by v= ^6> 3 , a= < — 1, as in §18, from which the result in terms 
of z can be obtained by putting 

'-T + V 
but independently, starting with s as the variable, 



(1) 
(2) 

(3) 

(4) 
so that 

(5) 



V = \ cos- 1 _ ^ I ^/Z 1 = £ sin x — — £_ \V — Z 9 , 
Z,= (z 



B + N 3 \* rN x — N t 



)-<***) 



''-V M~J \ M ) 

■ B z +L z = s — o = s + l, 



M = R 2 —L 2 +l = —s = b z , 



19 
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suppose 

(6) Nj = ¥+^,Nl=¥ + o", 
and with 

(7) ±+ = 2P, 



(8) 
(9) 



, z< _ N 1 N 2 +2Pb _ V(N 1 N 2 + b* — l)+V(N 1 N 2 — b 2 +l) 
fc - - tf _ i " v(i^ N 2 + 6 a - 1) — V(iVi # 2 — 6 2 + 1) 

11 + A V2(B — L) * 

whence H and iT; and 

(11) M 2 = 2I/ — &+ ZW + 4P 2 — 2+2 ^^ &g ~ l£+JJ^ + 2PL 



Then 



(12) Hz + H, = E(z + l+^_ 2K 



W — V 
L — P 



M 

(13) Kz + K 1 =K(z + ^^)-2H 1 ^ 

and the verification can be completed. 
"With 

(14) & — I/ = 0, B = L, 6 = 1, 

(15) JV?=l+i, Nl = \ + <?, N\ = l, 



o" 



(16) LJP = (L- \ ) (L-o) (L- I - o) = {V- 2PL + 1) (L- 2P), 

Try 

(18) #=1, JT=0, P = L 2 , 

(19) M* = (L^i) (2L—1) (2D + L+1), 
with 

(20) #3 = 0, 6=0, s = s 3 , U — B*=l, # = ■!, tf, = o, 

o 

(21) # = L, JT=5, M* = (L— 2Pf— 1. 
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In Kirchhoff's case of 
(22)5=0, If=l, L = — 1, L' = 0, Jf 2 = 4P(P+l), E=l, K=0, 

(23; +'=1 cos" 1 V _ g2+ 7 W = * sm _^ +1 ' 

satisfying 

r 24 ^ d * _ -(p + iK + p-i 

A change of sign of o 8 will change the parameter v from J© 3 to u x + ia 3 , 
still with a = — 1 ; and now 

(25) N\ = & — D+^ — 1, #|=B 2 — L 2 — l+o 2 , Nl = B* — U—l, 

(26) ' 1- — o = 2P. 
o 

As a special case, take 

(27) #3 = 0, B* — D=l. 
Again, still further, take 

(28) L=0, W=l, 5=1, K=0. 

<»£/ = £ cos J — 



(29) 



(30) 



M'< 



] 



— 1?+ 1 



2P \V / 5 V. ,^ S +1"I 



= *sin 



— tf + 1 



M 2 =^- — l + o s =4P s +i, L ' 



2.BP 



ilf 



4P 2 + 1 



5 



This case can be written, putting —^- = b , 

(31) (— s s + 1) e^« = {z + b) \/[(a— &)*— 1 + J a ] 

+ W(l — &V[— (z — J) 2 + 1 + 36 a ] . 

29. Next, with 

(1) i>=&) 1 + £q 8 , a = l, 

(2) #1 = J B 2 + L 2 +1 = 5 2 , 
suppose ; so that 

(3) tf 2 = J B* + L a -l-+l=& 2 -4 r , 

(4) Nl = B 2 + U+l — o 2 = b i — o i . 
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Now we find, with 

(p\ 1 on //« i , xr xr\ \b i +2Pb—\ , \b*—2Pb — l 

(5) --o = 2P,V(5 8 -l+f 1 ^)=^ g + \ 2 

^ g ^_ (i + >y(y+2P6-i) + (i-»V(y-2P&-i) 

W a " 2(B — Li) 

(1\ FT l Ki - (1 — *V(& 8 + 2P6- 1) + (1+ »V(y— 2P5 - 1) 

(7) M+JLi 2(5 + Li) * 



(8) 

(9) 

(10) 

(11) 
(12) 



TT _ (—B + L) V(5 a + 2P5 - 1) —{B + L) */(b* - 2P b - 1) 

2(^—1) 

K _ (B + L)V{b % +2Pb—l)—(B — L)s/(¥ — 2Pb—l) 

~ "' 2(6 2 — 1) 

i, , _i Hz+H, /r7 i • _i Kz+K, , r, 

* =* cos — g» + y V^i=^sin _ g a + } *^» 

*.=(°-^h^)' 

if 2 = — 2L» - B 2 + N\ + N\ + iyg + 2 BNl ^ a N > ~ 2PL 

xj -+- JLr 

tf + op . - 4P _ x + 2 ^V[(^~ l) a ~ 41^1 - 2PL 

W — 1 



From the differential relation (38), §9 

(13) Hz + H 1 = H(z+i^)-'lK L - P 

(14) .Ess + K x - K(z + B ~ M 



M 



») + 



2F 



if 



As a special case, try 



(15) 
(16) 
(17) 



N, = 0, £ 2 + L 2 = ^-l, N 3 = b 



E _ (-B + L)o 



(-B + L)o K _ (B + L)o 
V2V(1— o 2 ) ' */2*/(l-o>) ' 



M*=-jr+i-(L + oY; 
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and then in Kirchhoff's case 
(18) £ = 0, H=K=^, L=v(4r- 1), M=l-s/T=^ 
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(19) 



^/= I cos 



= 4 sin; 



(, + !=^ > |[,_*i±^ + (i±^)-] 



\/2(— s 2 + 1) 



<(i _l = ^^ ) ^ +fc l ± VW +( l ±s?=i?) -] 



V2(— s 3 + l) 



leading on differentiation to 



(20) djV _ ^ ^[(l + o a + Vl-o g )^+3-o- + 3Vl-^ 



(-^+1)^ 



so that L' = . 

But if L = instead of J5 when i^ = , 



(21) 

(22) 

and 
(23) 



-h=k=^ t , 5=V(^-1> *-=^ + i-* 






</>' ~ |- °o s ' 



,/2(-*» + l) 






<ty/ 



dz 



Replacing o 2 hy k, 



3,yi + 0«— Q« -' l-t- g-Q''~8, v /l-l-P i -0* 

(-z' + D^ZjZ, 



(24) 

(25) 
(26) 



^ = i cos- 1 yi+raA IL* Vi+t-f 1 



1 + ^1-i 1— j+jg+jv^lnj 

" 1 + k — #> 



] 



-^^rn^qrry- 



- 1 sin-i j! ^l+*-*»)\L + ^l + *-y 1 + *-* J , 



1 — / 



dz 



2.y/l+fc-fc 8 



. 3z g^lEE + x ~ fc 

14j-j 2^/1-1-/ 



L': 



\ri 



(-2' 2 + l)V2 



, z = o. 
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30. With a = 1 and a parameter 

(1) v = a 1 + %(d 3 , 

(2) Nl=B* + IS + o — s a =:s- Sa , with B* + D=s — o, 
and, as in §22, 

(3) (T=2e, <y — s 2 =2c — 1, V(s x — Cff — s 3 ) = <V(2c — 1), 
V— 2= 2c(2c— 1), P = £(2c— 1), 

so that 

(4) JVS = «-«, = «— 1, 

(5) N\ N\ = {s — Sl ) (s — «,) = s 2 — (c 2 + 2c) s + c 2 . 
As in §21 we can put 



s — s. 



% „2 



2c — 1 
q*— 1 



2cq % — 1 
5 2 -l ' 



(6) ^ = £", s — <T = 

and then 

(7) ^,= (20-1)-^, ^i\Tl = (2c-l) ( =^, 

with Q lt Q z as in (16), §21 ; and now for (i == 6, as in §22, 

(8) e . = ^£±1 ^ g + ^£=1 ^ _ ^ 

(9) ft, ft = — ogd?cgr + l. 



Now we have 



(10) 






<>» ^-^o-(^>K*-^y-(^y 



(12) 



if 2 = — L 2 + 2Lc(o*- 1) — c* + 1 — 2#2^t&-&) . 

V(g" — i) 



But with a = — 1 , 



(13) 



— * sm (_.^+iji vz * ' 
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with 

(14) H z — K*=l, E=cba, K=sha, 

(15) -i? + i ! = «-ff, B 2 — L 2 = a — s, 



(16) B = Vs — a ahfl , or Vo — sch/3, 



(17) L=Vs — a ch(3 , or */o — * sh/3 , 
and 

(18) e±-=Qi±±VQi±^t=±<SQ t )e±V. 

The determination of H lt K lt H % , K z can then be carried out by (22), (23), 
§24, and the verification effected, but the presence of if makes the expressions 
complicated, much more so than for the previous form of solution in §19, so we 
do not proceed further with this or higher values of n, with z as variable. 

31. A similar procedure will determine the leading coefficient H and K 
when (i is odd, and •J/ is expressed in the form of equation (2), §12, although there 
is no need to carry out the rest of the calculation now that the degree can be 
halved by changing to the stereographic projection with the new variable 
t = tan i in the place of z = cos 6. 

In this case a = — 1 , and taking the parameter 

Ac 

(1) V = -^5- , so that s(v) — , 

and putting 

(2) — B 2 + U=s( 2w) —s(v) = c\ 
we can write 

(3) I=n2 W ,v) = -}ch~i F ^ = ^sh-^p, 

(4) +* = *«'* + *«'* , 

W e ~F 1 VC 1 -F 2 VG,' 

(6) H+K- 2(L + fi)iM . 

(7) u + Ji— 2(L— B)l" 
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But if L = B, c = 0, and 

(8) 



F\xy^(2LY 
' (2L)i»Fy X y ' 



(9) 


- 


' if » = V + 2Tj + iVl + Nl + m " B ^ V 

L =L 2 +S! + S 2 + S 3 + 


Take 


for example 






46) 

#=4s 3 — (s-m) 3 , 


(10)- 


*»*3 


«i + s 2 t *s = i j 
+ S3S1 + *i»2 = i»» = if»"« , 

s i»2 s 3 = i™ 2 = — W z v , i&'v = m, 

m =f (2Lf 
u ^~ (2L)Vm ' 

vn 

^ = (L + i) 2 + -~-; 
^- — ( z — jf ) + 2ilf 2 ( 2 — if 






-4 W (z 
4 if 3 v 2 


or, since 




(11) 




m = 2LM 2 - 2L(L + i) 2 



^ 



Jf 



Z_ — (z— M )+ 2M 2^~ M ) 



(12) 



hLM*-hL{L + \f 



M s A 2 if y 



16if 4 



+ 



4Lif 2 — 4L(L + £) 2 



if 4 



Putting a = ± 1 , 



(13) 



( ZV + 2L+ j 
— ~\ M* 



T2 I" ! 



X 



1 — Z2m 



16M 



4 > 
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so that 

(14) o U _ 3L 8 +2L + t ! 

(15) L , + L = (3L + i-ifHif + L + i) ) 

T Tl __ (3L + j + M) {M —L — h) 
L-L— gig 5 ' 

(16) Z + 4 {~^) = ~ (*> ~ 1) (*- 4 -£ ,_ 1 + J&) 

4L 2 — 1 

(17) i?= 4 ^ + 2. 



In the result of §14 we have now to take 

n*\ - i 7 ._ ZL + $ + M \ M—L — \ 

(18) r--%' h -ZL + \-M\M+L + k' 
Try 

(19) rn = — (2L> 3 , iT=0, 

(20) if 2 = i(l + 6L)(1 — 2L) 

(21) 4Jf— 1 — 4L = — (VI + 6L — VI — 2L) 2 

(22) 4Jf + 1 + 4L = (VI + 6L + VI — 2L) 2 , 
so that & is imaginary. 

Try 

(23) m = (2L) 3 , H=0, 

(24) Jf 2 = (L+|) 2 + 4L 2 

(25) 4M Z — (2L + 1) 2 = 16L 2 



(26) >■ = *= (i3*± 2L + ^ f ~ ^--J) 
Thus, as a numerical case, with 

(27) L=l, M=L m=8, L' = — 1, k = 3, 

(9*\ 7 4 . 8 3 22 2 232 759 

20 
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Z= having two real roots between ± 1; and we find 

7 2, 4 59 ( , 4 \ /7 

* = * C0S (V-^+l)l =iS1D (~*+l)« ' 
or changing to the stereographic projection, 

(30) 10V5(fe*' f ) i = (< — 3) V( 4<* + 24^— 5^ + 4t + 6) 

•f i(t + 3)V(— 4* 4 + 24tf 3 + 5* 2 + 4< - 6). 

For the motion of the centre 

(31) ^ = (._d'+|. 

and 

(32) pV»'« = Z 3 — — 3* + #, 2 + B z + »*iV^, 

(33) ^i = 1 , H 2 = 2g , -Si = — j"25 . 

The degree is halved by putting 
f oA\ 4 |3 2w |3w 2 +l 

and then 

(35) (pa )i_ V(500)K-T)I ' 

(36) Fi = (4\/5 + 3^3 )tt> 4 — 8 (\/5— \/3)«; 3 — 10\/3mj 2 + 8(^5 +V3)u> 

— 4V5 + 3V3, 

(37) TT 2 =— (4^5 — 3\/3)w 4 — 8(\/5+\/3)w 3 — 1W3m> 2 + 8(^/5— \Z3)w> 

+ 4\/5 + 3V3 . 

A numerical application, such as inserted here and elsewhere, is useful in 
showing the existence of a real solution, and the region of its reality, as well as 
in settling a doubtful sign in the general algebraical case. 



